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Abstract 

Employing U{3)l x C/(3)ij chiral field theory, we find that Dashen's theorem, which holds for 
pseudoscalar mesons, can be generalized to the sector of axial-vector mesons, however, fails for 
vector mesons. 
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1. Chiral symmetry plays an important role in describing the low energy hadronic physics. 
Based on chiral symmetry in three-flavor space, there are three multiplets due to spontaneous 
symmetry breaking: an octet of massless pseudoscalar mesons 0~(7r, K, r]), and two massive 
multiplets with quantum number uj, K* and (j)) and l'^{ai, Ki, f and /s). Significant SU(3) 

symmetry breaking will result in the mass splittings of these low- lying mesons in the same multiplet. 
^Mailing address 
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Also, the energy of the virtual photon cloud around these mesons can cause the mass differences 
between charged particles and their corresponding neutral partners. 

The earliest study on electromagnetic masses of mesons has been done by Dashen|jl| nearly 
thirty years before. Dashen's theorem, which states that the square electromagnetic mass difference 
between the charge pseudoscalar mesons and their corresponding neutral partners are equal in the 
chiral SU(3) limit, is expressed as 

{ml± - mlo)EM = {'m\± - m\a)EM, 

{'mlo)EM = 0, {m\o)EM = 0. (1) 

The subscript EM denotes electromagnetic mass. 

The three multiplets(0^ , 1^ and 1+) correspond to the same quark constituent but different 
spin or parity in the quark model. The mass gaps between them are due to spontaneous chiral 
symmetry breaking. Thus a very natural question is to ask whether Dashen's theorem(which holds 
for pseudoscalar mesons) can be generalized to be obeyed by vector and axial-vector mesons. In 
this paper, by employing ?7(3)l x C/(3)/j chiral theory ||2|, ^, it will be shown that the generalization 
to axial-vector mesons is valid, or, in the chiral SU(3) limit, 

(m^± - mlo)EM = ("i-^± - m\o)EM, 

{'mlo)EM = 0, {m]^o)EM = 0. (2) 

However, similar generalization fails for vector mesons. The latter is the same conclusion as one 
given by Bijnens and Gosdzinsky|Q] based on the heavy vector meson chiral Lagrangian[||, ^, |^, 
but Eq.(2) is new. 

The formalism of U{3)l x U{3)r chiral field theory of pseudoscalar, vector, and axial-vector 
mesons has been described in Refs.[Q, |3|. This theory is of self-consistency and phenomenological 
success, and provides a unified description of meson physics at low energies. Because various 
meson-processes or properties related to strong, electromagnetic and weak interactions have been 
calculated in Refs.Q, ^ and the results are in good agreement with the experimental data, all 



chiral coefficients Li, .■■,Liq in the chiral perturbation theory (^PT) p!0|, 11| corresponding to these 
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processes can be well determined. Actually, two of them (ai = 4Li + 2^3,02 = 4L2) have already 
been shown in|2|. Therefore the present theory is believed to be consistent with both xPT and the 
chiral coupling theory of resonances |l^]. A systematical study on this issue will be presented 
in detail elsewhere. In the present paper, we focus our attention on the investigation upon the 
electeomagnetic masses of the mesons and the generalization of Dashen's theorem in the framework 
of U{3)l X U{3)r chiral theory. 

In the U{3)l x C/(3)ij chiral theory, vector meson dominance(VMD)|8[ in the meson physics 
is a natural result of this theory instead of an input. Namely, the dynamics of the electromag- 
netic interactions of mesons has been introduced and established naturally. Therefore, the present 
theory makes it possible to evaluate the electromagnetic self-energies of these low-lying mesons 
systematically. According to this pattern, for example, we can work out the well known old result 
of (77i^± — m'^o)EM given by Das et al[^, which serves as the leading order in our more accurate 
evaluations (to see below). This indicates that our pattern of evaluating the electromagnetic self- 
energies of mesons is consistent with the known theories in the tt— meson case under the lowest 
energies limit. Since the dynamics of mesons, including pseudoscalar, vector and axial-vector, is 
described in the present theory, the method of calculating electromagnetic masses in this paper 
is legitimate not only for vr and ivT— mesons, but also for oi, Ki, p and iC*— mesons. Thus, both 
checking the Dashen's argument of Eq.(l) in the framework of the effective quantum fields theory 
and investigating its generalizations mentioned above become practical. 

The basic Lagrangian of this chiral field theory is (hereafter we use the notations in Refs.p, |3|) 

£ = ■ip{x){i^ • 9 + 7 • v + 7 • 075 — mu{x))Tp{x) 

+lmUct>^.r + f^fs>.) (3) 

where u{x) = exp[i^^{TiTTi + XaK"- + r/ + r?')](i=l,2,3 and a=4,5,6,7), = TjO^ + XaKf^ + (| + 
TjAg)/^ + (i - -^\s)fs^.,v^ = npl + XaK;- + (I + -^Xs)uJf. + (i - TjAs)^^. The V in Eq.(l) is 
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u,d,s quark fields, m is a parameter related to the quark condensate. Here, the mesons are bound 
states in QCD, and they are not fundamental fields. Therefore, in Eq.(l) there are no kinetic terms 
for these fields and the kinetic terms will be generated from quark loops. 

Following Refs.||2|, the normal part and abnormal part of the effective Lagrangians, i.e. Cre 
and CjM, can be obtained by performing path integration over quark fields. The dynamics of the 
mesons can be read off from Cre and Cjm. It is natural to obtain VMD in the present theory, 
which reads 

Jp 

Juj 

= -^d^Md^A'' - d'^A'^). (4) 
J<t> 

The direct couplings of photon to other mesons are constructed through the substitutions 

Jp Jul J(t> 

where 

Jp 2 /c^ 6 3V2 
is a universal coupling constant in this theory. It can be determined by taking the experimental 
value of nia as an input ^, Q . 

Using £j(<I>, 7, ...)|$=,r,a,i),... ("^hich can be obtained from Cre or Cjm)i we can evaluate the 
following S-matrix 

S$ = ($|rexp[i J dx^A($,7,...)] - m\^=^,a,v,.... (7) 
On the other hand can also be expressed in terms of the effective Lagrangian of $ as 

Noting C = ^df^^d^^ — ^rn-|,$^, then the electromagnetic interaction correction to the mass of $ 
reads 

r 2 ^zS^ / o\ 



where ($|$^|<I>) = {^\ J d'^x^'^{x)\^). Thus, all of virtual photon contributions to mass of the 
mesons can be calculated systematically. 

In the following, firstly, we shall re-examine Dashen's theorem for pseudoscalar mesons in the 
framework of the present theory. Then the generalization of this theorem for axial- vector and vector 
mesons is studied. Finally, we give the summary and conclusions. 



2. Due to VMD(Eq.(4)), the interaction Lagrangians which contribute to electromagnetic mass 
of the mesons have to contain the neutral vector meson fields which only include p^, u and (p. 
When the calculations are of O(aem) and one-loop, there are two sorts of vertices contributing to 
electromagnetic self-energies of pseudoscalar mesons: four points vertices and three points vertices. 
The former must be the coupling of two pseudoscalar fields and two neutral vector mesons fields, 
and the latter must be the interaction of a pseudoscalar field to a neutral vector meson plus another 
field. 

Thus, from Refs.|||, ^, the interaction Lagrangians contributing to electromagnetic mass of 
pseudoscalar mesons(7r and K) in the chiral limit can be easily obtained, which reads as follows 

4 1 

C,,.. = ^Mp'" + (9) 

^K+K-vv = + + ^^(^-/^"'^ + 0''vf^f}K+K-, (11) 

^K^K^. = '^ipl + -DkHK-^ - l^d'K-n + h.c, (12) 
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where 



J^KORo.. = -^i^-p'' + ^')' + ^^^-^-^P"' + d^v',nK'K', (13) 
^KOKO. = YK^-pI + <)K\k'/ - ^,d'K'/) + h.c. (14) 



^^ = ^(vr'±i^'), a± = i=(ai±m2) 
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\J1 V 2 



with 



where v denotes the neutral vector mesons p^, uj and <j), v^^ = uj^ — V^cj)^. f-^ is pion's decay 
constant, and /^r = 0.186Gey. Here, we neglect the contributions to electromagnetic mass of pions 
or kaons which are proportional to or because we are only interested in the case of chiral 
limit. 

Note that there are no contributions to electromagnetic masses of tt^ in the chiral limit. This 

means 

(m^o)_E;Af = Oj for massless quark. (16) 

The major difference of the kaon and pion Lagrangians is that in the kaon case all the three 
nonet vector resonances p^,io and (/) contribute, which results in a contribution to the neutral kaon 
electromagnetic self-energy. This contribution vanishes in the SU(3)-vector-meson symmetry limit 
that the three vector masses are equal, i.e. mp = = m0(to see below). These results are in 
agreement with ones given by Donoghue and Perez in Ref.|jl5[ in the framework of xPT. 

The Lagrangians contributing to electromagnetic masses of are different from ones to elec- 
tromagnetic mass of K^. The difference comes from the structure constants of SU(3) group: 
/345 = — /367 = |, /458 = /678 = Note that the vector meson fields ( p, uj and (j)) and axial- vector 
meson fields(ai and -ftri(1400)) in the above Lagrangians would always appear as propagators in the 
S-matrices which can contribute the electromagnetic self-energies of pseudoscalar mesons. Using 
Eq.(4) with SU(3) symmetry limit rup = = m^, we can easily obtain that is equivalent to 
p^ in calculating the electromagnetic masses of the mesons. Thus, the Lagrangians contributing to 
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electromagnetic masses of will vanish, namely, 

(m^o)_EM = 0, in the chiral SU{3) limit. (17) 

Likewise, we can conclude that the Lagrangian (11) and (12) are entirely equivalent to Lagrangians 
(9) and (10) respectively under the limit of nip = = and nia = m^i ■ Then, according to 
Eqs.(7) and (8) we have 

{ni\±)EM = {^^±)em, in the chiral SU{3) limit. (18) 

Above arguments and conclusions can also be checked by practical calculations which are stan- 
dard in quantum fields theory. From Eqs.(9)-(14) and VMD, the electromagnetic masses of vr^. 



and can be derived(to see Ref. |14] for details), which are as follows. 
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' r d^k _ kK,. I'F^ + h 



(27r)4^ 27r2^^ 52^2.^2^^^ 

1 mlm'^, 2 nilm"^ 

+ oT27I^-3wT^-:2t] (20) 



3 k'^{k'^ — mj^{k'^ — m^) 3 k'^{k'^ — mj^ik"^ — m|) 



1 11 2 1 ,0 



k"^ — mj, 3 /c2 — j7),2 3 — m'^' 



(21) 



where D = 4 — e. Obviously, taking mp = = mfj,, and ma = mxi, Eq.(20) is exactly Eq.(19). 
Also, the contribution of Eq.(21) is zero with mp = m^^ = m^. Thus, Eq.(18) holds, and Dashen's 
theorem(Eq.(l)) is automatically obeyed in the chiral SU(3) limit. 

In the above, the calculations on electromagnetic masses are up to 0{p'^) (or up to 4-order 
derivative operators in effective Lagrangians). In the remainder of this Section, we would like to 
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back to 0{p^) in order to show the leading order of electromagnetic mass difference of vr— meson, 
~"^^o)^Af 5 and to see if it is just the old result of Das et al|^ or not. To O(p^), the interaction 
Lagrangians Cppj^T^ and £pvra(Eqs.(9)(10)) will be simplified as follows 

CppTrn = ^^pIp°^tt^it' , Cp^a = ^^/)°vr+a"^ + /i.e.. 

Thus, in the chiral limit, the electromagnetic self-energy of pions is 

/ 2 2 \(0) / 2 \(0) f d'^k A F'^ , 



The Feynman integration in Eq.(22) is finite. So it is straightforward to get the result of (m^ 



± 



'iTT'^o) EM after performing this integration, which is 

, 2 2 ^(0) SOernmJ 2F2 2F^ ^ 1 1 , ^2 



»2 



where Oem = l;^- Because we only consider the second order derivative terms in the Largrangian, 
the relation between and nip is = + instead of Eq.(27) in Ref.Q. Combining this 
relation with Eq.(15), Eq.(23) can be simplified 



It has been pointed out that Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin(KSRF) sum rule|jr 
is satisfied reasonably well in the present theory Q. Thus, using Eq.(53)(2/^ = g^m?p) in Ref.|2| 
we can get 



rni = 2m'i 



This relation is consistent with the sencond Weinberg sum rule|17]. Now, Eq.(24) is 

{ml± - mlofEM = -^oiemml (25) 

which is exactly the result given by Das et alQ, and serves as the leading term of Eq.(19) in the 
lowest energies limit. 
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3. It is straiglitforward to extend the present study to the ease of axial- vector mesons. In the 
same way as in the case of pions and kaons, the Lagrangians contributing to electromagnetic masses 
of axial- vector mesons (ai and Ki) read 

Caapp = -^\py'ata-''-^plpUa+^a-'' + a-^^a+n], (26) 

Caap = jil- :^)d-'pla+'^a- - ^pla+'^id'^a- -j^di,a-'') + h.c., (27) 

>Ca.p = ^(/3ip>+a-'^ + /32P°9'^'^7r+a;+/33pJa+'^5V--/34P>+52a-'^ 

-/35/9°5^a+5^7r-) + /i.c. (28) 



with 



-Y^pI + + vl){Kt>^K^^ + K^'-Kr)], (29) 

-'-{pI + vDlK+^'id^K^^ - 7%Kr) + h.c, (30) 
^K±Ktv = '-Pi{pl + vl)K+K^^+'-(52{pl + vl)d^''K+K^^ 

+ vl)Kt^d'K- - ^/34(p° + vDK-^d-'K-^ 

--gkipl + vl)d.Kt^d-K- + h.c. (31) 

>Ckoko.. = C,KtK-vv{p'' ^ -/^°' Kf ^ kO(K?)}, (32) 

i^KOROv = t^KtR- Ap"" ^ -P\ Kt - Kf{Kf)}, (33) 

^KOROv = ^K±K^v{p' - -P', Kt - i^?(i??), - K\K')}. (34) 



7^2 

/3l = -V' /52 = 



Prom the above Lagrangians(Eqs.(26)-(34)), we can find the case of axial-vector mesons is very like 
that of pseudoscalar mesons. Therefore, similar analyses can yield the similar results for axial- vector 
mesons, i.e. in the chiral SU(3) limit, 

(m^± - mlp)EM = ("i^± - m\o)EM-, 

{mlo)EM = 0, (m^o)£;M = 0. (35) 

Here, it is necessary to check Eq.(35) by explicit calculations which can be done in the same way 
as in the previous section. Using Eqs.(26)-(34) together with VMD, we can get the expressions for 
the electromagnetic masses of axial-vector mesons, which are as follows, 

{mlo)EM = (36) 

{ml±)EM = {ml±)EMil) + {ml±)EMi^) + (m^±)£M(3) 



with 



" {a\ J d'^xajioM^la) 

:{9,.-^), (37) 



ie^ f (fk 1 



(m^±)£M(2) 



p 



{a\ J d^xai^ai\a) J (2vr)4 k^ - 2p ■ k k^^k^ - mjy 

4(p • fc)2 



x{(a| J d'^xa^ai\a)[4ml + {b^ + 2lrf^)P + 2^^p ■ k - 

— \{hk'^ -ih- 7^)^ ■ kf] + (a| / d:^xai-a\,\a)k^'k''\-i?,h'^ -46 + 4) 
m„ J ^ 

+D{b + + - 667^ - 27^ - + -^Toibk' - 2(1 - 7^)p . kf]}, (38) 



-ie' f d'^k 1 



k"^ m'^k^ 
2 . ^4z, 1 ^4 



{a\Jd^xaiai^\a) J (27r)4 (i?- A:)^ P(P - m^)^ 
10 



„2\2 _|_ 



x{(a| J d^xaia^\a){P[ - 3p2P ■ k + fi^k'^ 
{a\ I d'xalai\a)k^^k^[P2ml - iAi:lM^±M)l]}, (39) 

where i=l,2. 



{m'^j^±)EM - irnl.o)EM = [("i^±)£;m(1) - ("t-^())£;m(1)] + [(m^±)£;M(2) - (m^o)£;M)(2)] 

+[("^^±)em(3) - (m|.o)£;M(3)] 



with 



{m^.)EM{l) - (m^o)^M(l) - ^e iK,\ j d^xXt^K^ \K,) 

d^k k^k, I mlml 2 mlml 



(27r)4^^'^'' P ^^3ifc2(A;2-m2)(jt2_^2) ^ 3p(p_^2)(^2_^2y' 

2 '■ d^fc 1 



«.).m(2) - (m^o).M(2) = ^^^^r^I^lp^^ / (^F32^ 
x{(i^i| y d^xi^f+Ki" |i^i)[4m|,^ + (6^ + 2672)A;2 + 27V • A: - 
^—{he - (6 - 7^)^ • + (Kil / iTf, |Xi)fc'^F[-(362 -46 + 4) 

+L>(6 + 7^)2 + 472 - 667' - 27^ - + -^{hk^ - 2(1 - ^^)p ■ kf]} 

^3A;2(it2-m2)(jfc2-m2) ^ 3jt2(p_^2)(jt2-m2)J' ^ ^ 



_„,2AJ' 

«.)^M(3) - (m^o)^M(3) = ^^^1^^4,1+^.-1^^^ / (|;;^(p-fc)2_^2^ 

x{(Ki| y d''xK+^K'i~\KM - 3P2P ■ k + (i^e f + 

x[l +2 1 (42) 

^3P(fc2-m2)(it2-m2) ^ 3fc2(A;2-m2)(fc2_^2)J- ^ ) 
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with 



Iko)em = (m|.o)£;M(l) + (m^o)EM(2) + {m^Ko] 



2 , j^{K,\Jd^xKfKf\K^) - {K^\jd'xKl^Kl^\K^)g^^'^ 

d^k ,,0 . , w 1 11 2 1 

X 



(to^o)em(2) 



ie^ r d^k 1 



4(Ki| / d^xKfK^^^\K{) J (27r)4 k^-2p-k 
:{{K,\ I d'xKfKl\K,)[Aml^ + (6^ + 2bj')k' + ■ k - 

\-{bk'^ - (6 - j^)p ■ kf] + {Ki\ [ d^xK^i^Kl\Ki)k''k''[-{3b^ -46 + 4) 



+D{b + 7^)2 + 47^ - 667^ - 27^ - + -^{bk^ - 2(1 - 7^^ • fc)^]} 



,9r 1 11 2 1 



^2 _ j^2 3 fc2 _ ,7^2_ 3 /c^ — ' 



(m|.o)EM(3) 



-fe^ r d^k 1 

4{Ki\Jd^xK^^Kf\Ki) J (27r)4 {p - kf - m] 



x{{Ki\J d^xK^^Kf\Ki){P[ - 3P2P ■ k + (i^k'^f + 

m J d^xKiKi\K,)k^k^[pWK^ - iA:zlM^+Ml]} 



,0. 1 11 2 1 

xA; 



" k^ — 3 k^ — 3 k"^ — 

where p is the external momentum of ai or Ki-fields{p^=m^ or mj^^ on mass-shell), and 

6 = 1 



9 9 ' 



/3i = /3i + (/33 + /34-/35)m|,^- 
Taking nip = rricj = m,/,, and iria = mxi, we obtain 

iml±)EM{i) = {m^j^±)EMii), imi^o)EM{i) =0, i = 1,2,3. 
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Then Eq.(35) or (2) holds, which indicates that Dashen's theorem can be generahzed to SU(3) 
sector of axial-vector mesons in the present theory. 

Similarly, according to Refs.|Q, ^, the Lagrangians which contibute to the electromagnetic 
masses of and K*^ read 

/:pppp = -^py'ptp-''+^pyu{p^'p-''+p-^p^n, (46) 

= ^9.p>+^/>-'^-%°p+(av-^-a'V-'^) + /i.c., (47) 

Cp^^ = -^^e^^-^'^d^uj^ptdpTT- +h.c. (48) 

Ck*+k*-vv = -^{pl + v^fK+K-- 

+^{pI + v'M + vl){K+>^K-^ + K->^K+n, (49) 

Ck*+k-*-. = '-{d,pl + d,vl)K+^K- 

--{pi + vDK+id.K-f' - di^K-n + h.c, (50) 
9 ^ 

CK*iK^v = -^^e^''^''KppK-{\d,pl + \d,u;^ + ^dM + h.c. (51) 

TT 9 Jtt ^ ^ ^ 



Eq.(48) and Eq.(51) come from the abnormal part of the effective Lagrangian £/A/(to see Refs.||2|,|3|). 
Thus, similar to the above, it is not difficult to conclude that p^ and K*^ can receive the same 
electromagnetic self-energies in the chiral SU(3) limit, 

irn^p±)EM = ijn\,±)EM (52) 

However, and K*^ can also obtain electromagnetic masses even in the chiral SU(3) limit, 
which is different from the case of neutral pseudoscalar and axial-vector mesons. The Lagrangian 
contributing to the electromagnetic masses of K*^ is 

>Ck*o^*o,, = ^ -p\ K*^ ^ i^*0(i^*0)}, (53) 

Cj,,OK.o, = Ck*+k'-Ap' ^ -P^ K*^ K*\K*^)], (54) 
Ck*^ko. = Ck-^^k^Ap"" -/^°, K*^ K*\K*^),K^ ^ K\K^)}. (55) 
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Note that in Eq.(55), the combination of the neutral vector mesons is —Pfi + cj^ + V2(j)^ instead of 
—p^ + uj^ — ^/2(j)^ emerging in Eqs.(53)(54) and the Lagrangians contributing to the electromagnetic 
masses of and Ki. Therefore, even in the chiral SU(3) limit, the electromagnetic masses of 
K*^ is nonzero due to the contribution coming from Eq.(55)(the contributions of Eqs.(53) and (54) 
vanish in the limit of nip = = m^). 

As to electromagnetic masses of p'^-mesons, the things are more complicated. The contribution 
to {m'^po)EM from Cim is 

Cpu,^ = -^^e^'^^^S^w.pO^^svrO (56) 

Distinguishing from the case of K*^ , the direct p'^-photon coupling which comes from VMD(Eq.(4)) 
can bring both the tree and one-loop diagrams contributing to the electromagnetic masses of 
in the chiral limit. Thus, {rn?po)EM is nonzero. Furthermore, from the point of view of large- A^c 
expansion 1 18 1, the tree diagrams are 0[Nc) while the one-loop diagrams are 0(1)[||, in general, 
we can not expect that {m?po)EM = {'mj^^,o)EM in the chiral SU(3) limit(only loop diagrams can 
contribute to {m'j^,o)EM)- So the generalization of Dashen's theorem fails for the vector mesons. 
This result is in correspondence with one given by Bijnens and Gosdzinsky|^]. 



4. In summary, employing U{3)l x U chiral theory of mesons, we obtain(in the chiral SU(3) 
limit) 

{ml±)EM = {m'^K±)EM, irnl±)EM = irnl^±)EM, {'m^p±)EM = imj^*±)EM- 

As pointed out in Ref.|j|], because vr^ and i^^(or af and K^, p^ and K*^) belong to the same 
U-spin multiplet of the SU(3) group, their electromagnetic self-energies must be equal in the chiral 
SU(3) limit. The electromagnetic masses of vr*^, , a\ and vanish in the chiral SU(3) limit. 
Therefore, Dashen's theorem(Eqs.(l) and (2)) holds for both pseudoscalar and axial-vector mesons. 
However, the contributions from the abnormal part of the effective Lagrangian result in the nonzero 
electromagnetic masses of p^ and K*^ even in the chiral SU(3) limit, and VMD produces the direct 
coupling of p^ and photon(Eq.(4)), which provides the another contributions to electromagnetic 
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masses of . Generally, (rra^o)£;A/ 7^ {fn\*o)EM- Hence, the generalization of Dashen's theorem 
fails for vector-mesons. 

Dashen's theorem is valid only in the chiral SU(3) limit. The violation of this theorem at the 



leading order in quark mass expansion has been investigated extensively M, EG, 21, 22, Q4[, and 



a large violation has been revealed in Refs.|19, EQ, 14|. In particular, a rather large violation of 



Eq.(2) has been obtained in Ref.[14|. 
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